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Activation-energy asymptoticsThe third explosion limit of hydrogen oxidation in closed vessels has always been thought to be the result
of the competition between homogeneous gas-phase reactions and diffusion of hydroperoxyl radicals to
the walls, where they are destroyed. It has recently been observed that this species actually follows a
chemical-kinetic steady state in this regime, with the consequence that its diffusive rate toward the cat-
alytic walls becomes irrelevant. Here we show that the critical explosion conditions are determined
instead by the fate of hydrogen peroxide, which emerges as the controlling reactant for the resulting
gas-phase chemistry. A simple, accurate analytic expression for the third explosion limit follows from
identification of the critical conditions for existence of weakly reactive, diffusion–reaction solutions,
thereby providing the answer to a long-standing problem that in early work was characterized as being
hopelessly difficult.1. Introduction
The ignitability of hydrogen–oxygen mixtures by elevated tem-
peratures in closed chambers is known to possess a complex
dependence on pressure [1,2] that exhibits three different limits
separating self-ignitable and non-self-ignitable states [3]. The exis-
tence of these so-called explosion limits, emerging as a conse-
quence of the competition of chemical kinetics with species
transport, was unveiled in early experiments of ignition of hydro-
gen–oxygen mixtures in spherical vessels coated with KCl (see, e.g.,
[4–6]), the gas-phase chemical kinetics competing with diffusive
transport of species and their catalytic destruction at the wall sur-
face. For a given mixture composition and a given vessel radius,
identification of self-ignition conditions in a pressure–temperature
plot produces a reverse S curve. This is the classical explosion dia-
gram shown in the first figure of Lewis and Von Elbe’s book [3],
which is reproduced here in Fig. 1.
Ignition in the lower peninsula of the diagram takes place as a
branched-chain explosion controlled by the elementary reaction
H + O2? OH + O [7]. Consideration of rapid conversion of O and
OH to H by the elementary reactions H2 + O? OH + H and
H2 + OH? H2O + H leads to the overall reaction 3H2 + O2?
2H2O + 2H for radical production in this region. At low pressure,
H-atom production by this chain-branching reaction competes
with radical diffusion to the walls, where radicals are destroyedby surface reactions. Since the molecular diffusivity is inversely
proportional to the pressure, while the rate of radical production
is proportional to the pressure squared, for sufficiently low pressures
radical diffusion dominates, and a non-explosive behavior is found
below the so-called first explosion limit. On the other hand, the
upper bound of the lower peninsula is a purely chemical-kinetic
limit that arises because of the competition of radical production
through 3H2 + O2? 2H2O + 2H with the three-body radical termi-
nation step H + O2 + M? HO2 + M [7], leading to the so-called sec-
ond explosion limit.
For a given pressure, the associated temperature corresponding
to the second limit is called the crossover temperature, a concept
that has become central in studies of hydrogen combustion. For
temperatures below crossover, i.e., for pressures above the second
explosion limit, the branching path initiated by H + O2? OH + O is
precluded by the faster recombination reaction H + O2 +
M? HO2 + M, and the resulting chemical reaction proceeds at a
much slower rate, so that ignition is neutralized by diffusive trans-
port of species and subsequent destruction by surface reactions,
leading to the appearance of a non-explosive region above the
explosion peninsula. Even though the chemistry above the second
explosion limit is extremely slow, with homogeneous ignition
times being typically three orders of magnitude larger than those
found above crossover, consideration of the reaction–diffusion bal-
ance indicates that, because of the increase of gas-phase chemical
reaction rates with pressure and the accompanying reduction in
species diffusivity, ignition may eventually take place provided
that the pressure is increased to a sufficiently high value, thereby
delineating a third explosion limit in the diagram.
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Fig. 1. The dashed curve corresponds to the experimental explosion limits of a
stoichiometric hydrogen–oxygen mixture in a spherical KCl-coated vessel of 7.4 cm
diameter as shown by Lewis and Von Elbe (p. 8 of [3]), with the solid curve being
the prediction of the third-explosion limit obtained by evaluation of (21) with
a = 3.7 cm and XH2 ¼ 0:66 and the dotted lines being the corresponding low-
pressure and high-pressure predictions obtained from (22) and (23).Above the second explosion limit the radicals H, O, and OH are
kept at low concentrations by the rapid reactions H + O2 +
M? HO2 + M, H2 + O? OH + H, and H2 + OH? H2O + H. Corre-
spondingly, under those conditions, the ignition chemistry is dom-
inated by reactions involving HO2 and H2O2 [3], with ignition
occurring as a thermal explosion. The classical explanation for
the third explosion limit relies on the competition of this slow
chemistry with the diffusion of HO2 to the container walls [8,9],
where it is destroyed by catalytic reactions. This classical view,
however, needs to be reconsidered in view of recent findings con-
cerning ignition of hydrogen at temperatures below crossover [10–
12]. In particular, it has been shown [12] that after an initial stage
of HO2 buildup, its consumption rate by 2HO2? H2O2 + O2 be-
comes dominant, keeping this species in steady state, with a local
concentration that corresponds to the instantaneous production–
consumption balance. As a result, the critical conditions for the
thermal explosion are determined instead by the competition of
heat release and H2O2 production by gas-phase reactions with heat
conduction and H2O2 diffusion towards the vessel walls, the diffu-
sion of HO2 being negligible in the first approximation. We shall
see below that the solution of the associated Frank–Kamenetskii
problem for the thermal explosion in the spherical vessel yields a
simple analytical expression for the third explosion limit that com-
pares favorably with the upper curve of the experimental diagram
of Fig. 1.2. The ignition chemistry at the third explosion limit
To describe the interplay between HO2 and H2O2 leading to the
thermal explosion at temperatures below crossover, three rate-
controlling elementary reactions need to be considered, namely
H2O2 þM!1 2OHþM;2HO2!2 H2O2 þ O2, and HO2 þH2!3
H2O2 þ H, whereas initiation reactions such as H2 + O2? HO2 + H,
which are important in the early stages of time-dependent ignition
processes [12], can be entirely neglected for determining critical
explosion conditions. Additional consideration of the rapid re-
moval of OH and H radicals through OH + H2? H2O + H and
H + O2 + M? HO2 + M along with introduction of a steady-state
assumption for HO2, motivated by its relatively rapid consumption2through 2HO2!2 H2O2 þ O2, readily leads to a simple two-step re-
duced description that suffices to quantify the ignition behavior
accurately, as seen below.
Reduced chemistry of this general type for hydrogen combus-
tion has been derived extensively in recent literature, not only
for autoignition processes but also for flames. Besides the reduc-
tion on which the present analysis is based [12], recently employed
in an investigation of diffusion-flame ignition in mixing layers [13],
there now are three-step and four-step descriptions that apply to
wide-ranging hydrogen applications [14]. The reductions to be ap-
plied in the present work are selected to be the simplest ones that
can describe the third explosion limit with reasonable accuracy.
The development begins by noting that the two OH molecules
created by the hydrogen-peroxide dissociation reaction
H2O2 þM!1 2OHþM are rapidly destroyed by the occurrence of
twice OH + H2? H2O + H followed by twice H + O2 + M? HO2 + M
to eliminate the two H atoms produced, leading in a first stage to
the overall reaction H2O2 + 2H2 + 2O2? 2H2O + 2HO2 with a rate
that is simply equal to that the elementary reaction
H2O2 þM!1 2OHþM. Under conditions of interest here, it has
been shown [12] that ignition involves values of the hydroperoxyl
concentration large enough for the elementary reaction
2HO2!2 H2O2 þ O2 to proceed at a fast rate, such that the two
HO2 molecules created by H2O2 + 2H2 + 2O2? 2H2O + 2HO2 at a
given location are immediately converted to H2O2 and O2 at that
same location, with the consequence that the transport rate of
HO2 becomes entirely negligible. The resulting HO2 concentration
attains the local steady-state value
CHO2 ¼ ðk1=k2Þ1=2C1=2M1 C
1=2
H2O2
; ð1Þ
obtained by equating the rates of HO2 production and consumption,
i.e., 2x1 = 2x2. Here, kj is the rate coefficient of reaction j and Ci de-
notes the concentration of species i, with CM1 representing the effec-
tive third-body concentration for the elementary reaction 1, defined
below in (12). Since HO2 recombination through 2HO2!2 H2O2 þ O2
regenerates the hydrogen peroxide molecule that was originally
used in initiating the reaction sequence, the final overall step asso-
ciated with the steady state of HO2,
2H2 þ O2 ! 2H2O; ðIÞ
derived by addition of H2O2 þ 2H2 þ 2O2 ! 2H2Oþ 2HO2 and
2HO2!2 H2O2 þ O2, neither produces nor destroys H2O2, although its
rate is proportional to the concentration of this species according to
xI ¼ x1 ¼ k1CM1CH2O2 : ð2Þ
It is of interest that the fast elementary reaction 2HO2!2 H2O2 þ O2
in the gas phase, responsible for the HO2 steady state, was not pres-
ent in the early theoretical analyses [8,9], leading these investiga-
tors to conclude erroneously that HO2 transport was essential for
defining the explosion conditions at the third limit. It may be noted
that this same error continues to be made today [15].
Since the preceding path neither produces nor destroys H2O2,
production of hydrogen peroxide relies on the elementary reaction
HO2 þH2!3 H2O2 þH: This does not alter, however, the concentra-
tion of HO2, because subsequent removal of the H atom through
H + O2 + M? HO2 + M leads by straightforward addition of these
two elementary steps to the overall reaction
H2 þ O2 ! H2O2 ðIIÞ
with corresponding rate xII =x3. This last step is autocatalytic, in
that it produces H2O2 with a rate that is proportional to the square
root of its concentration, as can be seen by using the steady-state
expression for HO2, given in (1), to write
xII ¼ x3 ¼ k3ðk1=k2Þ1=2C1=2M1 CH2C
1=2
H2O2
: ð3Þ
It is noteworthy that the autocatalytic character of H2O2 also arises
in reduced autoignition chemistry of hydrocarbons [16,17].
The two overall steps I and II, together with their associated
rates, given, respectively, in (2) and (3), provide the chemistry
description needed to study ignition at the third explosion limit,
which takes place as a thermal explosion because of the strong
temperature sensitivity of both reactions. Both steps have distinct
necessary roles in the explosion development. Thus, because the
heat of reaction associated with I is about four times larger than
that of II, the enthalpy of formation of H2O being about twice that
of H2O2, heat release relies predominantly on the first global step,
whereas the second step contributes to the ignition process by cre-
ating in an autocatalytic fashion the H2O2 needed to enable both
reactions to proceed, as dictated by (2) and (3). It seems remark-
able that this relatively simple chemistry has not been identified
previously.
3. Frank–Kamenetskii thermal-explosion analysis
As explained in [18], critical conditions for ignition of reactive
mixtures in vessels can be identified by considering time-
dependent reaction histories, the approach originally postulated by
Semenov and often adopted subsequently, for instance, in [19],
or by investigating the existence of steady, weakly reactive solu-
tions, as was done by Frank–Kamenetskii in his theory of thermal
explosions. In analyzing the explosion problem of Lewis and Von
Elbe [3], including a stoichiometric mixture of hydrogen and oxy-
gen confined in a closed spherical vessel of radius awith a catalytic
wall, we choose to adopt here the Frank–Kamenetskii approach,
using in the formulation the two-step chemistry presented above.
The associated spherically-symmetric temperature and H2O2 pro-
files can be determined by neglecting variations of density and
transport properties (because of the nearly isothermal, nearly uni-
form conditions), along with reactant consumption and heat re-
lease by H2O2 formation, to write the reduced conservation
equations
k
r2
d
dr
r2
dT
dr
 
¼ 2hH2OxI ð4Þ
DH2O2
r2
d
dr
r2
dCH2O2
dr
 
¼ xII: ð5Þ
A Fickian description has been adopted in writing the diffusive flux
in (5), a result that follows from solving exactly the multicompo-
nent transport equation [20] for the diffusion velocity of hydrogen
peroxide into a uniform binary mixture. The resulting effective
diffusivity
DH2O2 ¼
XH2
DH2O2H2
þ ð1 XH2 Þ
DH2O2O2
 1
ð6Þ
is a function of the binary diffusion coefficients DH2O2H2 and
DH2O2O2 , with XH2 representing the mole fraction of H2. The above
equations must be integrated with the boundedness conditions
dT=dr ¼ dCH2O2=dr ¼ 0 at the center r = 0 and the boundary condi-
tions T  To ¼ CH2O2 ¼ 0 at r = a, the latter imposing a fixed temper-
ature To at the wall (maintained with a thermostat in experiments),
where it is assumed that hydrogen peroxide is rapidly destroyed by
the fast surface reaction H2O2? H2 + O2. In the formulation,
hH2O ¼ 241;845 J=mol is the enthalpy of formation of water vapor
and k is the thermal conductivity of the reactive mixture.
To write the ignition problem in dimensionless form, we note
that the temperature sensitivities of the elementary reactions
H2O2 þM!1 2OHþM and HO2 þH2!3 H2O2 þH are very large,
with resulting activation temperatures for the overall reactions I
and II, associated with the coefficients k1 and k3(k1/k2)1/2, that
can be seen to be almost identical, as shown in the evaluations3below. Consequently, differences between the two overall activa-
tion temperatures can be neglected in the Frank–Kamenetskii lin-
earization of the rates, involving a dimensionless temperature
increment from the boundary value,
h ¼ b T  To
To
; ð7Þ
along with the same dimensionless activation energy b for both
reactions, defined below in (18). An order-of-magnitude analysis
of (4) can be used to deduce the characteristic hydrogen peroxide
concentration
CH2O2c ¼
kTo=b
ð2hH2OÞk1CM1a2
ð8Þ
required to increase the temperature by an amount of the order of
the Frank–Kamenetskii increment To/b, associated with ignition.
Introducing the dimensionless temperature h and accompanying
H2O2 concentration u ¼ CH2O2=CH2O2c , along with the dimensionless
radial coordinate g = r/a, reduces the problem to that of integrating
1
g2
d
dg g
2 dh
dg
 
¼ ueh; hð1Þ ¼ dhdg ð0Þ ¼ 0
1
g2
d
dg g
2 du
dg
 
¼ Dau1=2eh; uð1Þ ¼ dudg ð0Þ ¼ 0
9>=
>;: ð9Þ
As can be seen, the only controlling parameter is the Damköhler
number
Da ¼ k3ðk1=k2Þ1=2
C1=2M1 CH2
C1=2H2O2c
ða2=DH2O2 Þ ð10Þ
defined as the ratio of the diffusion time across the vessel, a2=DH2O2 ,
to the characteristic chemical time required to increase the H2O2
concentration to a value of the order of CH2O2c , given by
½k3ðk1=k2Þ1=2C1=2M1 CH2C
1=2
H2O2c
1.
Numerical shooting was employed to determine nontrivial
solutions of (9) for a given value of Da. The resulting variations
with Da of the maximum values of h and u, reached at the con-
tainer center, are shown in Fig. 2. As occurs in the classical
Frank–Kamenetskii analysis of thermal explosions for one-step
Arrhenius kinetics, two different nontrivial solutions exist for any
given value of Da smaller than a critical value, which was found
to be Dac = 10.25, and no weakly reacting solution exists for
Da > Dac, indicating that this critical value identifies ignition
conditions.
Using the definitions (8) and (10) together with the value
Dac = 10.25, obtained numerically, yields
a ¼ 10:25DH2O2 ðkTok2Þ
1=2
k1k3CM1CH2 ð2bhH2OÞ1=2
" #1=3
ð11Þ
for the critical conditions corresponding to the third explosion limit.
The equation has been rearranged to give explicitly the critical va-
lue of the vessel radius for given values of the temperature, pres-
sure, and H2 concentration. It can also be employed to determine
implicitly the critical value of any of the last three quantities in
terms of the other two and the vessel radius. The evaluation re-
quires knowledge of the rate constants for reactions 1–3, as well
as the transport coefficients k and DH2O2 , for which associated
expressions are given below.
4. Reaction-rate and transport parameters for the evaluation of
the third explosion limit
The rate coefficient for the hydrogen-peroxide dissociation
reaction H2O2 þM!1 2OHþM can be taken from the recent evalu-
ation of Troe [21], with O2 used as bath gas in computing the low-
pressure coefficient k0, as is appropriate to enable a more direct
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Fig. 2. The variation with Da of the peak values of h and u.comparison with the experimental results of the explosion dia-
gram in [3]. Correspondingly, the constant value Fc = 0.42 sug-
gested for O2 in [21] is adopted below when evaluating the Troe
fall-off factor appearing in (13) below. In the absence of a specific
recommendation for the chaperon efficiency of H2 relative to O2, a
value equal to 2.5 is assumed, since that value has often been used
for other three-body steps, so that the effective third-body concen-
tration for this reaction in a H2–O2 mixture can be expressed as
CM1 ¼ ð1þ 1:5XH2 Þp=ðRoToÞ ð12Þ
in terms of the pressure p, temperature To, and hydrogen mole frac-
tion XH2 , with R
o = 8.314 J/(mol K) representing the universal gas
constant. The resulting rate constant can be written in the form
k1 ¼ 0:42
f1þ½0:814 log x2g1
1þ x k0 ð13Þ
with the low-pressure coefficient
k0 ¼ 2:89 1024T2:3o expð24;534=ToÞ ð14Þ
expressed in cm3 mol1 s1 and the dimensionless coefficient ratio
x ¼ k0CM1=k1 given by [21]
x ¼ 7:76 1010T4:2o pð1þ 1:5XH2 Þ ð15Þ
if T is in K and p is in atm, respectively. Straightforward evaluation
of (13) indicates that fall-off effects are quite significant for the
conditions pertaining to the explosion diagram of [3], so that, for
instance, with XH2 ¼ 0:66, the value k1/k0 = 0.541 is obtained
from (13) for To = 800 K and p = 1 atm, further decreasing to
k1/k0 = 0.159 for To = 700 K and p = 10 atm.
As for the rate coefficient of the other two relevant elementary
reactions 2HO2!2 H2O2 þ O2 and HO2 þH2!3 H2O2 þH, the former
has been known for some time to reach a minimum at a tempera-
ture of the order of T = 800 K [22,23], a behavior that can be repro-
duced by consideration of a bi-Arrhenius rate law, the more recent
expression [23]
k2 ¼ 1:03 1014 expð5556=ToÞ þ 1:94 1011 expð709=ToÞ ð16Þ
being used below for evaluating this constant. Since (16) exhibits a
minimum at the conditions of interest, the temperature variation of
k2 does not contribute significantly to the self-acceleration of the
chemical reaction during the thermal explosion, so that this4coefficient is correspondingly treated as a constant in the ignition
analysis.
Of the three rate constants appearing in (11), that of reaction
HO2 þH2!3 H2O2 þH suffers from the largest degree of uncer-
tainty. There are just a few experimental data available at temper-
atures above 500 K, and they correspond to the reverse reaction
H2O2 + H? HO2 + H2, its rate coefficient being deduced from indi-
rect observations involving a number of estimated quantities,
including the relative rate of the alternative channel H2O2 +
H? H2O + OH (see, e.g., [24]). To derive expressions for k3, differ-
ent authors use the limited available experimental information in
different ways, leading to predictions that differ by as much as a
factor of 3, with the largest value being that used in [25] and the
smallest values being those proposed in [26,27]. In the following,
we shall employ the intermediate value
k3 ¼ 2:40 1011T0:56o expð12;117=ToÞ; ð17Þ
computed with use of the equilibrium constant from the expression
proposed for the coefficient of the reverse step in [28]. The sensitiv-
ity of the results to the specific value selected for this rate coeffi-
cient is to be discussed below, along with the influence of the
chaperon efficiency of H2 in H2O2 þM!1 2OHþM. Units of (16)
and (17) are those of (14), with To expressed in K in all three
equations.
As previously mentioned, the temperature sensitivities for the
two global rates xI and xII are very large because of the large acti-
vation temperatures present in (14) and (17). The resulting effec-
tive activation temperatures for the two overall coefficients k1
and k3(k1/k2)1/2 emerging in (2) and (3) are almost identical, and
the value
b ¼ 24;534=To  2:3; ð18Þ
associated with the low-pressure limit of the reaction-rate coeffi-
cient k1, is employed for evaluating the nondimensional activation
temperature b in (11).
Standard mixture-averaged methods [29] were used to com-
pute the thermal conductivity k, whereas DH2O2 was evaluated in
terms of binary diffusion coefficients with use made of (6). The
resulting approximate expressions
k ¼ 1:943 103T0:7o J=ðm s KÞ ð19Þ
and
DH2O2 ¼ 2:53 109T1:7o =p m2=s ð20Þ
were seen to provide sufficient accuracy in the range of conditions
pertaining to Fig. 1, with To in K and p in atm, respectively. With use
made of (12)–(20) together with CH2 ¼ XH2p=ðRoToÞ and the values
hH2O ¼ 241;845 J=mol and Ro = 8.314 J/(mol K), Eq. (11) finally
becomes
a ¼ 5:45 10
12T2:0966o e
11;291=To
pX1=3H2 ð1þ 1:5XH2 Þ
1=3
 !
 1þ 1:88 10
3e6265=To
24;534=To  2:3
 !1=6
 1þ 7:76 10
10T4:2o pð1þ 1:5XH2 Þ
0:42f1þ½0:814 logð7:7610
10T4:2o pð1þ1:5XH2 ÞÞ
2g
1
0
@
1
A
1=3
ð21Þ
with a in cm, To in K, and p in atm.
5. The classical explosion diagram
For given values of To, p, and XH2 , the critical vessel radius can be
computed by direct evaluation of (21). Alternatively, for given
values of a and XH2 , Eq. (21) can be used to determine the pressure
as a function of the temperature. The equation can be solved
explicitly for p when the conditions of temperature and pressure
are such that the dissociation reaction H2O2 þM!1 2OHþM is
either in the low-pressure limit or in the high-pressure limit,
corresponding respectively to values of the coefficient ratio
x ¼ k0CM1=k1 much smaller and much larger than unity. The corre-
sponding limiting solutions, obtained by replacing the last factor in
(21) by unity in the low-pressure limit and by x1/3 in the high-pres-
sure limit, with x given in (15), can be expressed in compact form
by introducing an exponential to represent approximately the tem-
perature dependence in the resulting equations. The expressions
p ¼ 1:69 10
5e10;330=To
aX1=3H2 ð1þ 1:5XH2 Þ
1=3 for x 1 ð22Þ
and
p ¼ 1:90 10
9e17;175=To
a3=2X1=2H2
for x 1 ð23Þ
are obtained when the value of the temperature exponent is se-
lected to fit results in the range 700 K < To < 900 K.
As mentioned earlier, for the conditions of Fig. 1, the reaction
H2O2 þM!1 2OHþM is in the intermediate fall-off regime with
x  O(1), so that the determination of p requires in principle the
solution of the implicit Eq. (21). Results obtained for a = 3.7 cm
and XH2 ¼ 0:66 are shown as a solid curve in Fig. 1. For complete-
ness, the figure also includes as dotted curves the limiting solu-
tions (22) and (23), the dotted curve having the steeper slope
clearly corresponding to (23). The pressure obtained by solving
(21) is seen to approach the value (22) at low pressure and the va-
lue (23) at high pressure, as it should, but, as expected, the errors
involved in using either of these simplified expressions are signif-
icant. It is curious that when falloff is included the predicted pres-
sures in Fig. 1 lie above the predictions for both limiting cases. Also,
it is notable how closely the solid curve osculates the experimental
upper limit in Fig. 1.6. Discussion of complicating factors and uncertainties
It is worthwhile to recall that experimentally the measured
third limit depends on the thickness of the salt coating on the inner
surface of the vessel [8], lighter coatings moving the curve to lower
pressures, explained by such coatings not completely converting
the significant active species to stable inactive molecules at the
wall [3]. For this reason, the results in Fig. 1 pertain only to suffi-
ciently thick wall coatings. It is curious that more detailed numer-
ical computations [19,30] exhibit better agreement with
experiment for more lightly coated walls, the difference suggesting
deficiencies in the detailed chemistry employed there for the third
limit. This underscores the desirability of the further chemical-
kinetic investigations indicated at the end of this section.
Away from the upper nose of the explosion diagram in Fig. 1,
the temperature dependence of the critical explosion pressure is
seen to be predicted remarkably well by the analytical expression
(21). This agreement in slope is determined largely by the activa-
tion temperatures present in (14) and (17). The predicted slight
curvature is of the opposite sign from that shown in the experi-
mental curve, but Lewis and von Elbe [3] indicate that the experi-
mental measurements are partly extrapolated to higher pressures,
and therefore it is possible that more accurate measurements
would have revealed a change in the sign of the curvature. Larger
departures from the experimental data are observed as crossover
is approached near the turning point, where the competition of
H + O2? OH + O with H + O2 + M? HO2 + M becomes significant,5eventually leading to the transition to the second explosion limit,
an effect not described by the two-step reduced description used
here.
The present analysis also neglects the heat release associated
with the overall reaction H2 þ O2!II H2O2, the effect of which was
verified by additional numerical computations to shift downwards
the resulting pressure curve by about 100 mmHg, a hardly notice-
able change in the logarithmic scale employed in the diagram.
Although effects of H-atom consumption through H + O2? OH + O
and of heat release by H2O2 production could be incorporated into
the description, following our previous study of homogeneous igni-
tion [12], to focus more directly on the essential mechanism con-
trolling the third explosion limit, we purposely prefer to leave
them aside in the present study, since the substantial increase in
complexity that would result does not seem to us to be warranted.
The quasi-steady weakly reactive state described in our Frank–
Kamenetskii analysis necessarily would be preceded in experi-
ments by a short transient stage, not considered here, that starts
immediately following the admittance of the reactants into the
vessel. The formulation given in (9) relies on the assumption that
the consumption of reactants during the transient process leading
to the establishment of the weakly reactive solution is negligibly
small. The accuracy of this assumption can be investigated by not-
ing that, since the production of one molecule of hydrogen perox-
ide involves the consumption of one molecule of hydrogen
according to the overall reaction H2 þ O2!II H2O2, the relative devi-
ation of the H2 concentration from its initial value can be expected
to be of order CH2O2c =CH2 , where CH2O2c is the characteristic H2O2
concentration of the weakly reactive solution, defined in (8). The
evaluation of CH2O2c =CH2 with use made of (8), (12)–(15), (18),
and (19) indicates that the hydrogen consumption associated with
the initial transient production of H2O2 is in fact negligibly small
(e.g., CH2O2c =CH2  10
3 for To = 800 K and p = 1). Hydrogen con-
sumption during the transient process actually would be some-
what larger than this because hydrogen would also react
according to the overall reaction 2H2 þ O2!I 2H2O to produce
water vapor, but, from similar estimates, the percent deviation of
CH2 from its initial value is still expected to remain always below
1% for the conditions of interest in Fig. 1, so that the associated
reactant-consumption corrections to the result (21) would be neg-
ligibly small.
In writing (9), molecular diffusion is assumed to be the domi-
nant transport mechanism for heat and mass, that being the
assumption underlying previous theoretical analyses of ignition
in closed vessels [3]. As already recognized in early work [5], how-
ever, convection can be expected to be significant in the transient
stage following the injection of the reactant into the vessel and
may also be nonnegligible in the quasisteady stage, as a result of
the emergence of buoyancy-induced velocities of orderffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g aðdq=qÞp , where g is the gravitational acceleration and dq/q is
the relative density variation in the vessel. Density differences
are induced in the weakly reactive flow field by the small differ-
ences of temperature and mean molecular weight associated with
the chemical reactions. For the problem at hand, the exothermic
chemical reactions increase the temperature, thereby decreasing
the density, but also simultaneously increase the density by
increasing the local molecular weight, because both overall reac-
tions I and II reduce the number of moles in the system. As a con-
sequence of these counteracting effects, the resulting density
differences in the weakly reactive solution are expected to be quite
small at the third explosion limit.
An estimated upper bound to the buoyancy-induced velocity
can be obtained by neglecting molecular-weight variations in
assuming dq/q  (To  T)/To  b1 to give
ffiffiffiffiffiffiffiffiffiffi
ga=b
p
for the induced
velocity, thereby yielding
ffiffiffiffiffiffiffiffiffiffiffiffi
ga3=b
p
=DH2O2 as an upper bound for
the representative Peclet number. For the conditions pertaining
to Fig. 1, this last quantity takes characteristic values that are of the
order of a few tens, thereby indicating that the resulting toroidal
flow would be laminar and steady. The corresponding weakly reac-
tive analysis, including a buoyancy-induced flow symmetric about
the vertical axis, will not be pursued here, but it is noted that the
enhanced rate of mass transport emerging in the presence of
convection could be incorporated approximately in the diffusion–
reaction model by considering a larger effective value of DH2O2 in
(10) and (11). The associated increase in the hydrogen-peroxide
diffusivity would shift the prediction of the critical pressure in
Fig. 1 upwards, following the proportionality rule p / D1=2H2O2
inferred from (10). The magnitude of the resulting shift, however,
is not expected to be seen to be very large, partly because of the
logarithmic scale used in the figure, since the increase in the
effective value of DH2O2 would be at most of order unity for the slow
laminar flow envisioned here.
The validity of the reduced mechanism employed here was also
tested by performing additional numerical integrations of the stea-
dy diffusion–reaction equations with reactant consumption ne-
glected and with the six previously discussed elementary
reactions H2O2 þM!1 2OHþM;2HO2!2 H2O2 þ O2;HO2 þH2!3
H2O2þ H;H2 þ O2 ! HO2 þH;OHþH2 ! H2OþH, and H + O2 +
M? HO2 + M adopted for the chemistry description, the rate coef-
ficients for the last three reactions having been taken from [31].
Besides the energy equation, conservation equations were written
in dimensional form for species H2O2, HO2, H, and OH. Multicom-
ponent transport diffusion was employed, resulting in expressions
for effective diffusivity coefficients of HO2, H, and OH analogous to
(6) under these conditions. For a given temperature, the numerical
integrations, including a boundedness condition at the center and
an isothermal wall with zero radical concentrations, were carried
out for increasing values of the pressure, until critical conditions
were reached for which the resulting concentrations and tempera-
ture were seen to abruptly increase beyond realistic limits, thereby
indicating explosion. The results were found to be in excellent
agreement with those obtained by evaluating (21), the differences
in critical pressures remaining less than 10% and so not observable
in the figure. The errors associated with the introduction of steady-
state assumptions for all radicals are therefore comparable with
those previously observed in computations of homogeneous igni-
tion times [12].
The specific numerical evaluation of (11) is subject to uncer-
tainties in reaction-rate parameters, mainly in k1 and k3. Uncer-
tainties in k2 can be expected to be less pronounced, since the
expression (16) employed here, taken from [23], is based on recent
experimental rate measurements for the specific temperature
range of interest here, and the value of k2 also is less critical, be-
cause this rate coefficient enters in (11) only through a square root.
Although k1 is also taken from a very recent assessment [21], no
information is currently available on the chaperon efficiency of
H2 relative to that of O2. The value 2.5, assumed in writing (12),
is representative of typical H2 efficiencies in direct recombination
reactions, but larger or smaller values are also equally possible,
leading, respectively, to a downward or upward shift in the critical
pressure level. For instance, introducing an efficiency of 3.5 causes
a decrease of pressure of approximately 200 mmHg at T = 500 C,
while an assumed efficiency of 1.5 increases the pressure by about
300 mmHg.
As previously mentioned, a large degree of uncertainty is pres-
ent in the rate coefficient k3. An increase in this rate coefficient by a
given factor tends to decrease the explosion pressure by an amount
of the order of the cube root of that factor, as can be inferred from
(11) when account is taken only of the pressure dependences of
DH2O2 ;CM1 , and CH2 without consideration of falloff effects. For in-
stance, the recommendation of [26] to decrease k3 by a factor of
2.1 would result in an increase of the explosion pressure by about630%, whereas the suggested increase by 25%, present in [25], would
cause a decrease of about 8% in the predicted explosion pressure.
Clearly, these differences, and, to a lesser extent, those pointed
out in the preceding paragraph, can be quite significant. These
findings strongly indicate that more reliable predictions of hydro-
gen ignition at the third explosion limit warrant more accurate
assessments of k3 and of the H2 chaperon efficiency in collisions
leading to hydrogen-peroxide dissociation.7. Concluding remarks
It is noteworthy how simple, in principle, is the chemistry of the
third explosion limit, dominated by just the two overall steps (I)
and (II), with the rates given in Eqs. (2) and (3), the latter express-
ing the autocatalytic character of step (II), and the main heat re-
lease occurring in step (I), the major effective reactant for both
steps being hydrogen peroxide. An indication of the progress there-
by accomplished, in nearly three quarters of a century of research,
can be inferred from the 1941 statement [6] ‘‘. . . the character of
the third explosion limit has remained unsettled . . . A rigorous
quantitative treatment . . . is hopelessly difficult.’’ Understanding
has finally progressed to a point at which this statement no longer
is true. While further improvements in knowledge of values of rate
parameters for the key elementary steps H2O2 þM!1 2OHþM and
HO2 þH2!3 H2O2 þH are warranted in the future for increasing
accuracies of predictions, the essential understanding of the key
aspects of the chemistry of the third limit now exists.Acknowledgments
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